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In preceding papers the nonlinear spinor field with Heisenberg’s dipole regularization was
interpreted as a lepton-quark system. In this paper it is demonstrated that this model is able to
produce electro-weak as well as strong interactions. For the analytical derivation of these inter-
actions, in Section 1 an improved calculation technique for scattering functionals is developed
which corresponds to an interaction representation of relativistic quantum fields with inclusion
of bound states, and which is suited for a comparison of its results with conventional field theories,
in particular gauge theories. In Section 2 the projection technique from the spinor field into the
lepton-quark representation is discussed in detail. The principle which allows the derivation of
the various interactions consists in the calculation and incorporation of universal (local) bosons
and non-universal (non-local) bosons occuring as bound states of the spinor field, resp., lepton-
quark fields, into the scattering functional equation. This is performed for local bosons in Section 1
and for non-local bosons in Section 3. In Section 4 it is shown that a subsequent unitarization
which corresponds to quark confinement leads to selection rules for lepton-baryon processes
which qualitatively correspond to those of grand unification gauge theories. Numerical calcula-

tions will be given in subsequent papers.

Functional quantum theory is a new formulation
of quantum theory and a new field theoretic cal-
culational procedure which allows the treatment of
quantized fields with positive metric as well as with
indefinite metric beyond perturbation theory. It
was developed by Stumpf and coworkers, cf. Stumpf
[1]. In particular, it was devoted to the evaluation
of a consistent calculational formalism for Heisen-
berg’s nonlinear spinor field equation with dipole
ghost regularization, cf. Heisenberg [2]. For the
theoretical evaluation of this model by means of
functional quantum theory and for a proper physical
interpretation of the corresponding calculational re-
sults, the physical meaning of this model must be
explained and this explanation mainly depends on
the interpretation of the one-particle sector of the
spinor field.

In the original version of Heisenberg, the physical
one-particle states of the spinor field were assumed
to represent nucleons, while the leptons were some-
times identified with the regularizing dipole ghosts,
cf. Heisenberg [2], Diirr [3]. The reversed role of
hadrons and leptons was first proposed by Saller [4]
who interpreted the spinor field as a Weinberg model
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and assumed the leptons to be the physical particles
and the quarks to be the dipole ghost particles. Both
versions, however, were only vaguely formulated
and no hint was given with respect to an analytical
evaluation of the idea. In particular, no attempt
was made to establish separate dynamical laws for
both kinds of particles with quark confinement and
to derive the hierarchy of interactions in such a
model. In a recent note Stumpf [5] proposed an
analytical method for the derivation of a lepton-
quark dynamics from the fundamental spinor field
including quark confinement, and in a subsequent
paper Stumpf [6] formulated the fundamental spinor
field equation for two fermion generations and drew
first conclusions from the model in the framework
of functional quantum theory. In particular, it was
demonstrated that the local (electro-weak) bosons,
which arise as bound states of the spinor field, are
universally coupled to leptons and quarks, and that
the lowest order of electroweak fermion-fermion
scattering formulae of gauge-coupling theories can
be reproduced with the spinor field formalism,
at which boson masses and coupling constants are
calculable quantities. In this paper we introduce
an improved scattering functional calculation tech-
nique and an improved lepton-quark projection for-
malism and by means of this method we discuss the
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derivation of strong and electro-weak interactions
in the framework of functional quantum theory for
the spinor field model. The derivation of the cor-
responding dynamical equations etc. in the follow-
ing sections is strictly deductive. However, the for-
malism of functional quantum theory will not be
repeated here. Rather we refer to Stumpf [1] (and
preceding papers), Stumpf [5], and Stumpf [6],
which will be denoted in the following by I, resp.
II and III.

1. Calculation of Scattering Functionals

The derivation and the evidence of the various
forces, resp. interactions, between elementary par-
ticles depend on the analysis of elementary par-
ticle, resp. particle scattering processes. Hence for
the theoretical discussion, scattering states have to
be calculated and analyzed. Concerning functional
quantum theory of the nonlinear spinor field, all
particles and all elementary particles have to be
considered as bound states of the fundamental field.
Therefore, in this type of theory scattering processes
as a general principle have to be calculated only
between bound states. On the other hand, for a
comparison with the results of conventional cou-
pling-field-calculations, which are mainly done in
the interaction representation, a functional calcula-
tion technique for scattering between bound states
is needed which easily reproduces the results of
these theories. Hence it has to be expected that a
functional interaction representation for bound
states will solve both requirements.

In the development of functional quantum theory,
various calculation techniques for scattering func-
tionals have been proposed and discussed. In the
recent discussion of such calculational techniques,
the formation and separation of the self-energy of
local fermions (pointlike physical particles) as a first
step of the calculational procedure has played the
main role. In contrast to this effort, the local and
non-local bosons play the main role for an analysis
of the forces and the comparison with conventional
coupling theories. Hence it is appropriate to post-
pone the problem of the formation of local fermions
as bound states of the spinor field and to start with
a Lagrangian, resp. a spinor field equation, where
the formation of the local fermions has already been
incorporated. Such an equation corresponds to a
spinorial version of the Froissart model, Froissart

H. Stumpf - Interactions in Functional Quantum Theory of the Nonlinear Spinor Field

[7], where a nonlinear spinor field interaction term
has been added. Equations of this type where
studied by Diirr [8], however, not with respect to
the model and the functional techniques which we
use here.

For a first discussion of the hierarchy of forces
we do not need the complete model of III for two
fermion generations. Rather we can restrict our-
selves to the model of II with a single lepton-quark
pair. The corresponding field equations read

[(—28 4+ u)2(—i8 + m)]upys(x)
= Vapyopp () ¥y () po ()
with & := 0, y~.
If Y (z) and { (z) are combined to give a super-

spinor W (z), cf. III, then the corresponding state
functionals are given by

(1.1)

o

I %(77 a)> = z _[<Ol Tg’m(xl) ee Tan(xﬂ) |a'>

n=1 4 an

| Da(xy...2q)) d%; ... d%,  (1.2)

and satisfy a corresponding functional equation
which can be derived from (1.1). For actual cal-
culations instead of (1.2) the state functionals

|3, @)y := exp[— 1} [a(@1) Faplar — o)
“jp(xe) dizr dizo] [ X (j,@))  (1.3)
are used, where Fyg(z) is assumed to be the prop-

agator of the corresponding linear superspinor field.
The functional equation for | §) then reads

[Dyp (@) 0p(x) + Vapyodp(x)dy(x)ds(@)]

| §(G,a)) =0 (1.4)

with
Dag(x):=[(—iG"d + p)2(— i Gedy +m)]up
(1.5)

and

dp(x) := 0p(2) + [ Fpa(x — 2')ju (') d4’,
(1.6)

where G and ¥ are the superspinor quantities cor-
responding to the ordinary Dirac matrices Gy = y,
and the vertex V. For the solution of Eq. (1.4),
Stumpf [9] has proposed a solution procedure, cf.
also I. In this paper we will generalize and improve
this method in order to obtain a functional inter-
action representation for bound states.

In order to derive appropriate scattering func-
tional equations, we observe that due to the gauge-
invariance of Eq. (1.1) with respect to phase changes
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Y’ (x) =exp(ia) Y (z), a conserved fermion number
o can be introduced which allows a unique definition
of a p-fermion sector. If scattering processes in the
p-fermion sector have to be considered, we assume
that the application of D (z2) 0 (x2) ... D (2,) 0(x,) to
Eq. (1.4) leads to an appropriate starting point for

scattering calculations. We demonstrate for the case
0 =2 that this assumption can successfully be
evaluated. For p > 2 the treatment runs on similar
patterns. In the two fermion sector we obtain by
applying Dy, (y) 0,(y) to (1.4) and repeated use of
(1.4)

{va (4) s (y) Dag () 05 (x) 4 [Dir () 05 (y), Vaﬁvddﬂ(x) dy(x)ds(2)]+

+ Vapyods (@) dy (2) ds (@) Vaverdy (y) de () da(y)} | S, @)> = 0.

(1.7)

Putting F(x — 2') = Fz; etc. and observing Fr; = 0 we can directly evaluate the commutator in (1.7).

This leads to

(D () 5 (), Vapyodp(x)dy () do ()]s = Doy (y) Vapyo [ Foy F1iji F,, 55 — FP8 8 F» B2, 5%
+ Fo 8 Fr 55, B + Fo F22, 3,00 — FE6 8 FV o0 + F F,,, 48, 0L — FO8, 6, Fo &y

+ Fp Fo i85, 88 — By, i, For O + F& 0700 4 Fr 0505 + Fl, 607],

xy "z

vw T

(1.8)

zy 'z

where equal coordinates between F' and j mean integration. For the further evaluation of (1.7) and (1.8)

the relations

Dyg(x) Fgy(x — x') = Agpyd(x — 2'), (1.9)
and

Gup(x — ') Dgy(2') = Ouyd(x — ) (1.10)
cf. Pouradjam [10], have to be observed. Due to Fyg(x) = — Fpgu(— ) we obtain for (1.8)

(Dar (4) 8 (), Vaupyodip (x) dy (@) do (2) 1+ = Vupyo — Ap Oy Fitss Tor Foor s 4 FL 50 Aty 02y F2 01 o
T 07 Ay day — Ang Oy FTL il 80 B8 A 50 00 — Ao by O, 38,
+ Fgg; Axd 6xy a; == Ax‘y 613’ F:;;// jZIII ag + F;Y:, ]Z:/ Axo 6zy ag - Axﬂ 6;;1/ a; ag

] Axy (3;51, ag ag T—— Axo 511] ag a;] .

X

(1.11)

In analogy to the solution procedure given in I, also in the generalized version a separation of the operator
of Eq. (1.7) into diagonal and non-diagonal terms is needed. This gives for (1.11) the decomposition

[Dur (y) O (y), Vaﬁvd dp(x)dy(x)ds ()]s = — ﬁaﬂvd [Axp0y(2) Co(x) + AxyCp(x) Os()

where Nj(z, y) contains the non-diagonal operators.

+ Ay 05(2) 3y (2)] 0 (2 — y) + Now(2,),  (1.12)

Since in our general discussion the special dependence on the algebraic degrees of freedom does not
play an essential role, we shall use in the following a symbolic notation. In this notation we write (1.12)

in the form

[D(y) (). V d(2) d(z) d(2)]; = V10 () 0(2) 6 (x — y) + Ni(z,9).

(1.13)

Concerning the third term in (1.7) we perform a normal ordering with respect to j(x) and 0 (x). Decompos-
ing into diagonal terms and non-diagonal terms we obtain in our symbolic notation

Vd(z)d(z)d(x)Vd(y)d(y)d(y) = VoF(x — y) F(x — ) 2(2) 2(y)

)
+ Vo'F(z —y)F(z —y)2(y) 0(y) + Na(z. 7).

With (1.13) and (1.14) Eq. (1.7) takes the form

(1.14)

(D(y)D(x)d(y)(x) + V1d(x — y) &(2) 0 () + Vo'F(z — y)F(x — ») 0(y) O (¥)

+VeF(@—y)F@—y)2

@ 01|33, @) = N(=,9) | 5. a)>

(1.15)
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with

N(z,y) := — Ni(z,y) — Na(z,9). (1.16)
We now apply G of (1.10) to (1.15) with respect to # and y and obtain with

| 5 (@, 9)>:=0()0(y) | 3, a)) (1.17)

for Eq. (1.15) the expression
| 3,y >+fG(z—x)G(J—x V1| F('z))yd%’
+ [Gz—2)6(y—y)V'F@ —y)F@ —y)|T J’J’)>d4x’d“/
+IG(x—x')G(y—y')VzF(x'—y’)F(x —y) | @' y))d%’ dy’

= [G(x—2) Gy —y)N@'y) | T, a)) A%’ dty’ +|5xy )0, (1.18)
where | F(2', ¥’)o is a solution of the equation
D (y) D (x)d(y) 3(x) | F(j)>0 = 0. (1.19)

Fourier-Transformation of (1.18) and suppression of the tilde for the Fourier-Transformed quantities
lead to the equation

| §(s182)> + [G(—51) G(— 52) (51 + s2 — p1 — p2) V1| F(p1p2))> dp1 dips

+ [G(—s1)G(—s2) Vo' F(— 51 — r)F(r)d4r 8 (s1 + 52 — p1 — p2) | & (p1p2)> diprdips
+ [G(—s1)G(—s2) VaF (— 81 — 7 + p1) F(r) dir 6 (s1 + 52 — p1 — p2) | T (p1p2)> diprdipe
= G(—81) G(—52) N(s182) | F(j, @) + | T (s182))0. (1.20)
In IIT an equation for the two fermion amplitude ¢ (s1s2) was derived. By comparison of (1.20) with
Eqgs. (2.17) and (2.18) of III it can be seen, that the first three terms of (1.20) represent the local boson
operator, but now applied to the total state functional. However, the formation of a resolvent with respect
to local bosons is independent whether it is applied to a simple amplitude or to a state functional. Hence

the solution procedure of ITI, Section 3, can be taken over and applied to Eq. (1.20). We rewrite Eq. (1.20)
in the form

| 3(s182)> + W (s152) [O(s1 + s2 — p1 — p2) | F(p1p2)) d4prdipe = R(s152) (1.21)
using the definitions
Wi(s182):=G(—s1)G(—s2)[V1+ Va'M(s1)], M(sy):= fF(—sl—r)F(r)d4r, (1.22), (1.23)
R(s182) := — [G(—s1) G (—52) VaM(s1 — p1) 6 (51 + s2 — p1 — p2) | F(p1p2)) dip1dipe
+ G(—s1) G(—s2) N(s182) | (G, a)> + | F(s152))0- (1.24)
Then according to IIT (3.11) we obtain
| & (s182)> = W (s152) ZDa 851+ 82) g ' (51 + s2) R(s1 + s2) + R(s182) (1.25)
with
R(s1 + s2) := [0(s1 + s2 — p1 — p2) R(p1 p2) dipy dips (1.26)
and
Doy (s) := * @ x*(s2 — my2)~L, (1.27)

where Dy (s) are the local boson propagators, cf. 111, Section 3. The only difference of (1.27) compared
with IIT is the appearance of an additional selfenergy term M(s;) in the boson resolvent which does not
change its qualitative behaviour. If Eq. (1.25) is explicitly evaluated, it takes the form

| 3(s182)) = [K(s1s2, p1p2) | & (p1p2)) d*prdips + W(s1s2) > Do(s1 + 82) gy * (51 + s2)
[0(s1 + s2 — p1 — p2) G(— 1) G(— s2) N(s182) | §(j, @)> d*p1dipe
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+ G(— 1) G(—s2) N(s182) | (7, @)) + | F(8182))0

with

K(s182, p1p2) := G(— 81) G(— 82) VaM(s1 — p1) 6 (81 + 82 — p1 — Pp2)
+ W(s182) D Da(s1 4 82) 97 * (31 + 82) [ 0(s1 + 82 — p1 — p2)
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+ W(s182) > Da(s1 + 82) 97 (51 + 82) [ 8(51 + 82 — p1 — p2) | T (P1p2)>0d4p1 d4p2
(1.28)
“O0(pr' + p2' — pr — p2) G(— p1') G(— p2) Vo M(py' — p1) dipy d¥p2’. (1.29)

In this form the exchange of local bosons, which are universally coupled to all pointlike fermions is directly
incorporated in the functional interaction term. I.e. if now an interaction representation for the fermions
is used, bound local boson states are included in the mutual fermion-fermion interaction.

2. Functional Lepton-quark Representations

As was emphasized in II, the field operators of
the spinor field y(z) contain an unobservable mix-
ture of lepton- and quark-field operators. Hence it
remains the problem of the formulation of separate
dynamical laws for both kinds of particles. We relate
the solution of this problem to the definition of the
hierarchy of interactions. We observe that as long
as the interactions of the fermions with universal
(local) bosons are considered, there is no need for
a theoretical separation of both kinds of particles
in the dynamical law. If, however, interactions are
considered which are not mediated by universal
bosons, the dynamical laws for both kinds of par-
ticles must be formulated separately. From this we
conclude the principle:

i) The boson states which mediate universal inter-
actions must be incorporated into the dynamical
laws before projection into the lepton-quark rep-
resentation.

ii) The boson states which mediate non-universal
interactions must be incorporated into the dy-
namical laws after projection into the lepton-
quark representation.

That this principle leads to a distinction, for in-
stance, of electro-weak and strong interactions, will
be demonstrated in the following. Concerning i) we
already have incorporated the universal bosons into
the dynamical law, namely the functional equation
for the scattering functional in the first section. As
we assume that by this procedure all universal
bosons have been considered, we now have to per-
form the next step, namely the projection of the
dynamical law, i.e. the scattering functional equa-
tion, into the lepton-quark representation. In order

to do this we will improve the projection method
given in II. We observe that the complete
theoretical formalism applied to the spinor field is
formulated in an interaction representation with
respect to the fermions; i.e. the fermion propagator
is assumed to be identical with that of the free
lepton-ghost field, cf. I, which should be justified
by a subsequent selfconsistency calculation. It is
therefore natural to derive the projection technique
by means of this interaction representation, too. In
this case we have to study the linear spinor field
equations only. The free field equation for the
spinor field reads in our approach (i.e. with the
exclusion of the selfenergy and selfformation prob-
lem of fermions)

(—i8+ w2(—id+m)P(x)=0.
We now introduce auxiliary spinorial fields A ()
and B(z) and replace Eq. (2.1) by the set of equiv-
alent equations
(—id+pu)A(x) =0,
(=8 +m)B(x) = A(2),
(—id+ p)Y(z) = B(x).
In order to obtain a lepton-quark representation we
perform the transformation A4 (z) = A(x) and
B(x) = L(z) + 2 A(2),
Y (@) = —al(z) + q(2)
with «:= (m — u)~! which leads to the set of
equivalent equations
(—ib+p)A(x) =0,
(—id+m)lx)=0,
(—i8+ p)ig(z) =0.
The fields 4 (z), B(x), Y (z) can be quantized accord-
ing to the rules of the conventional Lagrangian for-

2.1)

(2.2)

(2.3)

(2.4)
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malism, and the corresponding anticommutators can
be calculated. The following anticommutators have
been derived by Pouradjam [10]

[4(2), § @)+ = [P (), 4(2)]+
=—iS@x—2,u),

[B(2), $ ()]s = [P (), B(2)]+
= —ia[S@x—2',u) — S(x—2',m)]

[B(x), B(x')]+ = —iS(x — 2, m), (2.5)
(), d@)]s = —ia2S(x — ', m)

0
-+ ioc(a +FM‘)S(5‘7—~”‘7”/‘)

(2.5)

while all other anticommutators vanish. By means
of these formulae the anticommutators of the trans-
formed fields I(x) and q(z) can directly be derived.
They read

@), l()): =—iS@@—2',m),

p— . a ' 4
[q(2),q()])+ = W(“ =+ 3/;)5(37 — ', ),
[q(2), U(z)]+ = [l(2), g(2)}+ =0,

and in addition the relation holds

[P (@), g ()]s = 22[L(2), L))+
+ [q(), g()]+.

(2.6)

2.7)

From (2.6) it can be seen that I(x) propagates as
a real particle field, while g (x) exhibits pure ghost
propagation with no interference between the I(x)
and the q () field.

For the transition into the lepton-quark represen-
tation the projection properties of ¢ (x) with respect
to these fields are needed. To derive these properties
we perform a decomposition of ¢ (x) into completely
free fields Ao (x) and By(x) with the field equations

(—i8 4+ p) Ao(z) =0,

(—i8 + m)Bo(z) = 0. (2.8)

According to Pouradjam [10] we obtain

Y (x) = Ao(x) — a Bo(2)

— pla (2 —av0,) Ao () (2.9)

as the general solution for ¢ (z) of the system (2.2).
With (2.3) and (2.4) the projection of ¢ (x) into the
lepton representation is given by

(—i8+ w2 @) = — (1/a) L(2) (2.10)

while the projection into the quark-representation

gives by means of (2.3), (2.4), (2.8), (2.9) the ex-
pression

(—id+m)(r) = —aq@) —pdo(x). (2.11)

By comparison of (2.3) and (2.9) the quark field has
to be identified with

q(@) = Ao(x) — pla(d — a7 d,) Ao(x). (2.12)

The inconvenient term uAo(x) on the right-hand
side of (2.11) can be removed if it is observed that
the equations for ¢ (z) and q(z) are gauge invariant
with respect to the addition of 4 (x)-fields. I.e. with

$(z) and q(x) also P'() = () + a1 4o(z) and

q'(x) = q(x) + az Ag(x) are solutions of the equa-
tions

(—i8 + p)2(—i8+m)P(x) =0,

(—i8+ p)2q(x) =0.

If an arbitrary solution ¢ (z) is given which leads

to (2.11), then by means of the gauge transformation

Y'(@) = (@) + (2 — 1) uAo(z),

q'(x) =q(@) + (@ —1/a) 1 uAo(z).

(2.13)

(2.14)

it can be achieved that the following equations
simultaneously hold

Y'(x) = —al(z) + q'() (2.15)
and

(—i8+ p2g'(@) = — 1al(),

(—id +m)P'(z) = —aq'(x). (2.16)

The formulae (8), (10), (11) of I can directly be
recalculated to give (2.15) and (2.16). However, in
contrast to I, no reference with respect to corre-
sponding states of the linear field is required. In the
following we shall use (2.15), (2.16) as a convenient
starting point for the transformation into the lepton-
quark representation.

First of all we have to rewrite the state functionals
(1.2), resp. (1.3), into the lepton-quark representa-
tion. To achieve this, we observe the identity

Y (x) = (Do| d(x) [ () j(x')d% | Doy (2.17)

which has to hold in both representations. This can
be secured by replacing in the lepton-quark repre-
sentation the expression (2.17) by
Y (x) = (Do [&:(x) + Oq(x)]
[l al@)ji@) + g@)ja(@)
-d4z’ | Do> (2.18)
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with the conditions

[0 (@) ji(x)]+ = [Oq (%), ja(2')]+
=d(z — ) (2.19)

while all other anticommutators have to vanish.
Then ¢ () is reproduced also in this representation.
Denoting for brevity

—al(@) =:1(2); q(2)=2(2)
the general state functional (1.2) in the superspinor
lepton-quark representation reads

I E(ji a)> = le‘ <0| TTilﬁl(xl) il Wiuan (xﬂ)

|@) | Dn(21...05)>d4%; ... d4%y,
while the transformed | F) takes the form

| 3. @)) = exp[— } [ fi,a(®1) Fitg* (21 — w2)
“Jiap (2) dizy d%22] | 2 (f,0)). (2.21)

The propagator Fij*(x) follows from the anticom-
mutator by an appropriate change of the integration
path in the momentum representation, but has the
same Fouriertransform. Hence from (2.6) and (2.7)
it follows that the propagator is diagonal with re-
spect to the lepton-quark indices, i.e.

Fijt(@) = 8" Fap(a, i)

(2.20)

(2.22)

These formulae are sufficient to perform the tran-
sition into the lepton-quark representation in the
functional scattering equation, as this transition
will be performed by the simultaneous application
of the projection operations (2.16) to the functional
equation and by the substitution of the new field
variables (2.15).

This procedure is especially convenient with re-
spect to the separation of the local bosons in the
original spinor field representation. It is, however,
not necessary to proceed in this way, since the
transformation (2.15), (2.16) remains meaningful
beyond the interaction representation. If the non-
linear Eq. (1.1) is transformed by (2.15), (2.16), the
nonlinear equations

(=8 +m)l(x) = —aV[—al(z)+ q()]
[—al@) + g ()]
[—al(z) + q(@)],

P(i1) P (iz) | (s182)> = | F(5155))

1
(—18 + u)2q(2) = —;V[—al(x) + q(2)]

‘[—all@) +g@)]
[—al(@) + q(@)] (2.23)

result and these equations can be used for the
derivation of the corresponding functional equation
in the usual way. By application of the transforma-
tion (2.15), (2.16) to the nonlinear Eq. (1.1), the
mapping of the original spinor field onto the lepton-
quark fields produces a unique map for the corre-
sponding field equations, but the map is not bi-
unique. As the original spinor field has no physical
meaning, this loss of a one-to-one correspondence
is no drawback for the theory. On the other hand,
a map which secures the one-to-one correspondence
of the corresponding equations can easily be
achieved by considering the equations

(—id+ A =V @) P@) @),
(—i8+m)B(z) = A(2),
(=18 + p) () = B(x),

and applying the transformation (2.3). We do not
discuss such a bi-unique map in more detail, since
we prefer to work with the transformation (2.15),
(2.16) and the corresponding Equations (2.23). In
addition, we shall directly transform the functional
equation by (2.15), (2.16) and we will not fall back
upon (2.23) for the transition to the lepton-quark
representation.

(2.24)

3. Universal and Non-universal Interactions

According to our program, in this section we per-
form the incorporation of the non-universal bosons
into the scattering functional equation leading thus
to non-universal interactions. In order to achieve
this we must explicitly introduce the lepton-quark
representation of the scattering functional equation.

Defining the projectors
P(1):= —a(—i8 4 p)2,
P(A):= —a1(—i8 +m), (3.1)

we apply these quantities to Eq. (1.28) and obtain
by means of (2.15) and (2.16)

= [K(s185, p1p2)[| S @102 + | S(@r2)> + | 50102 + | 3 (prp2)d]dips dips
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+ W(‘;ll';;)zna(sl + 82) g5 (51 + 82) [ 8(s1 + 82 — P1 — P2) G(— P1) G (— p2) N(p12)
|3, a)) dip1dipe

+ W(s152) 2 Da(s1 + 82) 97 (51 + 82) [O(s1 + 82 — p1 — p2) | F(p1p2)>odipy dips

+ 6 (— 81) G(— 52) N (3152) | (i, @) + | T (51 99)0. (3.2)

We now solve the equations

i1 1s

| S(5109)> = [K (5152, p1p2) | §(p1pe)) dipy dips + | (51 d0)) (3.3)

by explicit construction of the corresponding resolvent. Owing to the properties of the kernels and the
inhomogeneous terms which follow from (1.28) and (1.29), we may separate the center of mass momentum
by introduction of center of mass coordinates sc, sr, resp. pe, pr, cf. IIT (2.19), and obtain from (3.3)
the equation

|5 (sesr)> = [ K (se8r, 50 pr) | § (5> Pr)> AP + | S (Se8n)) - (3.4)

This equation can formally be solved and gives

i1 da o, i ft(;lc;:scpr) o B i 44
l F(Scsr)) = I J(Sesr)y + ”‘“D—(L;)“— S (Sepr)> dipr, (3.5)

~ i1

where R(slc .;;, 8c¢pr) D~1(sc) is the general resolvent operator and D(s.) the secular polynom, which
determines by its zeros the eigenvalues of the corresponding homogeneous equation. Equation (3.5) can
be rewritten in the form

i1 s i da ﬁ(;l ;' ) | o, i i
| F(s182)> = | S(s182)> + [6(s1 + 82 — p1 — p2) ﬁi)‘;‘ | §(p1p2)) d4p1ddps. (3.6)

A more detailed inspection of the homogeneous equation shows that it describes non-local boson states.
These states depend on the special lepton-quark combination, since the kernel of (3.3), resp. (3.4), de-
pends on ¢; and 73. Hence in general we have to expect (I ®)!)-bosons, (I ®¢)-bosons and (¢ ®q)-bosons,
which have different masses and eigenstates and which are non-local, as the resolvent operator is a non-
local quantity. In analogy with the treatment of local bosons we may, however, still express the resolvent
by a sum of non-local boson propagators, i.e. we may write

A i1 s A s

R(s182, p1p2) s Rg(s182, p1p2)

Disi+s2) 5 (32— mgd)

g5 (50) =: 2 By(s152, prpa)gy (1 + s2). (3.7)
B
Then Eq. (3.6) goes over into

| Fleram)> = | S(ers2)> N .
+ [8(s1 + 82 — p1 — p2) ; Bs (5153, p1 p2) g5 (51 -+ s2) IS’(;;I p2)> diprdip;. (3.8)

This resolvent operator can now be applied to Equations (3.2). We define the matrix

Ciit = (1 — 60 6% (3.9)

177
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and obtain from (3.2) by application of (3.7) the equations

il ia il il
| §(8182)) = Z [K(s1s2, p1p2) Ca | (Pl P2)> d4p; dps

jije

-+ W(S.lsz zDa 81+ 82) g7 1(s1 + s2) [ 8(s1 + 82 — p1 — p2)
G(— p1) G(— p2) N(p1p2) | §(j, @)> d*p1 dipe
+ W(Z‘; }982) > Dy (51 + 52) g7 L(s1 + 82) [ B(s1 + s2 — P1 — P2) | F(P1P2)>odip1dpe
()G (— )N (sr8) | B @)> + | G os oo+ [ 8o + 02 — g1 — g2)
: _Z_Bﬁ(sii S5 0100) 05 o+ 52) [ [R(@1 02, p122) O}t | B 7o) pr d*pe

j1jz2
+ Wi(g192) S Dalgs + )97 (@1 + ¢2) [ (g1 + g2 — pr — p2)
G (— p1) G(— p2) N(p1p2) | §(J, @)y dip1 dipe
+ Wi(g192) S Dalgr + 92) 97 (g1 + ¢2) [ 8(q1 + g2 — P — P2) | & (p1p2)>0d%p1 d4pe

4 G (= 1) G (—g2) N(g1g2) | FG.a)> + | (@ 3’2»0} dig dig,. (3.10)

Obviously the symmetry of the interactions between the lepton-sector and the quark-sector has been
destroyed by the non-local bosons, since their properties depend on the special representation. Hence
the non-local bosons mediate interactions which are non-universal, i.e. depend on the special sector under
consideration. The meaning of these non-universal interactions, namely their interpretation as strong
interactions, will be discussed in the next section. In this section we will conclude our formal analytical
investigation of the scattering functional equation by the derivation of a solution procedure which cor-
responds to an interaction representation with inclusion of bound states. We write Eq. (3.10) in the
general form

11 12 1tz N i1 42 J1 J2
| S(s182)> = > [L(s182, P1D2) )| S ( P1P2)>d4pld4pz + 2> [U(s182, P1p2) | § p1P2)>od4P1d4Pz (3.11)

J1ja J172

The state functional | (p1p2)> may be replaced by

| B (P1P2)> = 8(p1) u(p2) | B, ) (3.12)
Multiplication of Eq. (3.11) by j; (s1)Jji,(s2) and integration over s; and sz as well as summation over ¢
and ¢y then gives with '

150, 0)> = 3 [als1)juls2) | § (s1.52)) ddsy ddsy (3.13)
the equation i

|56, a)> = > [Jals1) Juls2) L(s152, P192) 85,(p1) 03, (p2) dipy dipp disy disz | F (7, @)

1271
j1j2

1 2 Jz
+ 2 [JalsDiinls2) L' (81 52, P1 pz) 0;,(p1) 0j,(p2) dip1dipadisidise | T (j, a (3.14)
35
which can formally be written representation is given by
|F(G,a)) =L|TG a)) + L' | TG a)o- (3.15) |§3, @) => Lol | F(, a)o
n=1

The solution which corresponds to an interaction + L'|§3G,a))o. (3.16)
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The general solution (3.16) describes processes in
the two-fermion sector at which leptons as well as
quarks interact by exchanging electro-weak as well
as strong bosons with a mixture of both exchange
types in any order. Thus it corresponds in its range
of application to gauge theories with grand unifica-
tion. A comparison will be given in the following
section. Higher fermion sectors which include the
formation of bosons or of fermions as quark ag-
gregates can be treated in a similar way. However,
the calculational effort increases considerably. Fi-
nally it should be remarked that the results for the
lowest order universal fermion-fermion scattering
of III can easily be reproduced with (3.16).

4. Conservation Laws and Unitarization

Provided that the vertex operator Vygy4is chosen
in an appropriate way, the basic field equation is
forminvariant with respect to Poincaré-transforma-
tions and with respect to an Uj-gauge of the first
kind of phase changes of the spinor field operator.
While the Poincaré-forminvariance of (1.1) leads
to the conservation laws of fourmomentum, mass
and spin of the total system, the gauge group ad-
mits the definition of a conserved fermion quantum
number, which allows the decomposition of the state
space into fermion sectors with a definite fermion
number. If the full equation for two fermion gen-
erations is used as in III, which includes electro-
weak isospin, then, in addition, a conserved charge
quantum number can be defined. As the functional
state space reflects the transformation properties of
the ordinary Hilbert space of the theory, all con-
servation laws can be recovered in functional quan-
tum theory, cf. I. If in functional space the projec-
tion into the lepton-quark representation is per-
formed, the projection relations (2.15) and (2.16)
are compatible with the original U;-gauge group of
Y (z), but they do not admit a separate definition
of a lepton number and a quark number, resp.
baryon number. Hence the theory does separately
neither contain lepton number conservation nor
baryon number conservation, only the total number
of baryons and leptons is conserved.

In previous stages of elementary particle theory
such a property was considered to be unacceptable.
However, the recent development of grand unified
gauge theories which was initiated by Pati and
Salam [11], has drastically changed the situation.
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In these theories it is assumed that the only exact
symmetries are gauge symmetries, such as SUj color
and U;, which guarantee color- and electromagnetic
charge conservation resp. There are no exact gauge
symmetries associated with baryon number B or
lepton number L conservation, and it is therefore
expected that they are violated, cf. Ellis [12]. We
therefore assume that the absence of a separate
baryon number and lepton number conservation in
functional quantum theory of the nonlinear spinor
field is not a serious drawback of this approach
which necessitates its rejection. On the other hand,
in grand unified gauge theories, lepton-baryon con-
version processes cannot take place in an unlimited
way. Such processes rather underlie certain restric-
tions. We will at least qualitatively demonstrate
that functional quantum theory of the nonlinear
spinor field produces similar results. Due to quark
confinement a lot of lepton-baryon conversion proc-
esses is excluded, which at least partially simulates
a separate lepton, resp. baryon, conservation law.
In functional quantum theory of the nonlinear
spinor field quark-confinement is achieved by uni-
tarization. Hence in order to study approximate
lepton, resp. baryon, conservation we have to study
unitarization. A correct relativistic invariant uni-
tarization method was given by Stumpf and Schee-
rer [13]. We qualitatively discuss its application to
the two-fermion sector and draw conclusions with
respect to selection rules for lepton-baryon con-
version processes.

a) We sonsider lepton-lepton scattering processes
by assuming the initial state functional to be given
by
3

i.e. a configuration of two ingoing leptons. Due to
the dynamical law, i.e. the scattering functional
equation (3.10), resp. (3.15), lepton-quark con-
version processes take place during the scattering
process, i.e. in the scattering functional calculation,
provided that the kinematical conditions are satis-
fied. According to the unitarization procedure, such
processes can be suppressed in the final result of the
scattering calculation by the addition of unobserv-
able ghost configurations

] 8(81 82)>gh05t = a; <0| : l(sl) AO (82) : Il, k‘l » g, 2> I Do
+ ay<0| : Ao(s1) Ao(52) : | 9,4, 9.5 | Doy .  (4.2)

(s182)>0 = 0| : U(s1) U(s2) : |I, k1, 1, k2> | Do) (4.1)
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Hence the addition of such ghost configurations
produces for lepton-lepton scattering the conserva-
tion of the lepton number.

b) We consider the two-quark sector. Scattering
processes between two quarks are forbidden. Hence
we do not study initial conditions with ingoing quark
configurations. The suppression of forbidden con-
figurations in the initial, resp. boundary conditions
is not a matter of the dynamical law. Rather the
selfconsistent treatment of quark confinement re-
quires this subsidiary condition for the initial con-
figurations. Therefore, only the two-quark bound
states remain. These states are represented by the
non-local (¢ & ¢)-boson states of Section 3. These
states do not diagonalize the full functional equa-
tion. Rather in the bound state interaction repre-
sentation interaction terms remain, which represent
the higher order selfenergy corrections to the non-
local bosons. It cannot be excluded that by these
terms the stability of the bound boson state is
violated, i.e. that such a non-local boson decays
into free quark or free lepton configurations, resp.
mixed free quark-free lepton configurations. The
suppression of any such decay processes can be
formulated by conditions imposed on the scalar
product of the state in consideration with corre-
sponding outgoing configurations. For the fulfil-
ment of these conditions only the unobservable free

(g®D-, (9®q)- and (9 ¥ g)-configurations are
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